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A Trajectory from a Vertex to Itself on the
Dodecahedron
Jayadev S. Athreya and David Aulicino
Abstract. We prove that there exists a geodesic trajectory on the dodecahedron from a vertex
to itself that does not pass through any other vertex.
A straight-line trajectory on a the surface of a polyhedron is a straight line within a
face that is uniquely extended over an edge so that when the adjacent faces are flattened
the trajectory forms a straight line in the plane. This is well-defined away from the
vertices. By choosing a tangent vector at a vertex, one can consider the corresponding
straight-line trajectory emanating from that vertex.
These trajectories were considered in [1, 3, 4] where it was proven that there does
not exist a straight-line trajectory on the tetrahedron, octahedron, cube, or icosahedron
from a vertex to itself that does not pass through a different vertex before returning.
Fuchs [4] speculated that such a trajectory might exist on the dodecahedron.
Theorem 1. There exists a straight-line trajectory on the dodecahedron from a vertex
to itself that does not pass through any other vertex.
Proof. Cut out the net of the dodecahedron in Figure 1. Fold and tape it together. The
straight line (red) diagonal trajectory is the desired trajectory. The resulting trajectory
on the dodecahedron is seen in Figure 2.
Figure 1. A net of a dodecahedron with a straight-line trajectory.
If the starting point (the point on the left) is taken to be the origin, and the pentagons
inscribed in a unit circle, then the terminal point (the point on the right) is
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This can be seen via a direct calculation, most easily done by adding the vectors along
the bold trajectory (3 horizontal diagonals, 2 horizontal sides, and the initial and ter-
minal sides).
Figure 2. A dodecahedron with a straight-line trajectory.
In forthcoming work, the authors use the theory of translation surfaces to give a
uniform treatment for all Platonic solids and, in particular, classify all vertex-to-self
trajectories on the dodecahedron.
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